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Torque Control

Chapter 5

Torque control in legged locomotion
Juanjuan Zhang1,2 , Chien Chern Cheah2 , and Steven H. Collins1,3

Many torque control approaches have been proposed for robotic devices used in legged locomotion, but few comparisons have been performed across controllers in the same system. In this study, we compared the torque-tracking
performance of nine control strategies, including variations on classical feedback control, model-based control, adaptive control and iterative learning. To account for interactions between patterns in desired torque and tracking performance, we tested each in combination with four high-level controllers that determined desired torque based on time,
joint angle, a neuromuscular model, or electromyographic measurements. Controllers were implemented on an ankle
exoskeleton with series elastic actuation driven by an off-board motor through a uni-directional Bowden cable. The
exoskeleton was worn by one human subject walking on a treadmill at 1.25 m·s−1 for one hundred steady-state steps
under each condition. We found that the combination of proportional control, damping injection and iterative learning
resulted in substantially lower root-mean-squared error than other torque control approaches for all high-level controllers. With this low level torque controller, RMS errors can be as low as 1.3% of peak torque for real-time tracking,
and 0.2% for the average stride. Model-free, integration-free feedback control seems to be well suited to the uncertain,
changing dynamics of the human-robot system, while iterative learning is advantageous in the cyclic task of walking.

5.1

Introduction

Robotic legged locomotion, including walking robots and powered lower-limb exoskeletons and prostheses, has been
an area of active research for decades [1–3]. Most early walking related robots used kinematic trajectory control, an
approach that persists today [4–7]. In case of exoskeletons and prostheses, however, position control strategies tend
to result in less safe and less comfortable human-robot interactions since they can cause large forces to develop when
human and robot motions differ [8, 9]. Position-controlled exoskeletons have also been shown to be less effective in
rehabilitation compared to traditional human-based therapies [10] for similar reasons.
Increasingly, the control of exoskeletons and prostheses has shifted from kinematic methods to strategies that
respond more fluidly to actions of the user. One reason for this shift is the concern for human safety and comfort.
Another driver is our improved understanding of the natural dynamics of human motion [11–15], which suggests a
more dynamic approach to human-robot interactions than afforded by kinematic control.
One method for improved interaction between humans and robots is impedance manipulation [16], in which the
reaction of a robot to external forces is regulated rather than the resulting position trajectory [17]. Whereas position
control strategies typically impose high impedance to improve trajectory tracking performance, this method allows
lower impedance at the robot interface and a greater influence of human actions on the resulting motions.
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Direct control of interaction forces or torques can also be used to reduce human-robot interface impedance [9, 18].
Torque control provides a simple means of manipulating the flow of energy from the exoskeleton to the human, which
can be useful in biomechanics studies [19–23]. Torque control can also be used to exploit passive dynamics or render
virtual systems with alternate dynamics in humanoid robots [24], active prostheses [25–27], and exoskeletons [28–31].
In exoskeletons and prostheses, the quality of torque control is a limiting factor in precision of the applied intervention
and can be the limiting factor in human-robot system performance.
Series elastic actuation, in which compliance is placed between a motor and its end-effector, can improve torque
control in devices. This is especially important when human-robot interaction is involved, in which case there often
exists unknown, changing human-exoskeleton interaction dynamics. Elasticity in the actuator transmission decouples
motor inertia from the structure of the exoskeleton or prosthesis [32], which physically reduces interface impedance
and results in smaller torques when human and robot motions unexpectedly diverge. Series elastic actuation can
thereby provide improved human safety [33] and improve torque tracking performance in the face of complex, dynamic
user movements [34]. Unlike direct-drive actuators, torque output in a series elastic actuator is usually not directly
related to motor torque, but instead to the position of the motor relative to the joint. Motor position is therefore better
correlated to load torque, especially in the presence of transmission friction. For these reasons, series elastic actuators
with a motor drive running in velocity mode typically have lower actuation impedance and smoother torque tracking
with lower error [35, 36].
Bowden cable transmissions are often used in exoskeletons and prostheses to further reduce physical impedance
through drive relocation. Bowden cables allow motor and gearbox elements to be placed in more desirable locations
than the joint they actuate, resulting in reduced device inertia. Motors can be moved proximally on the limb or body
[13, 37–39] or off the body altogether [27, 31, 40]. Bowden cables are flexible, producing little interference with joint
motions [41], but have complex stick-slip transmission dynamics that pose additional torque control challenges [37].
Unidirectional Bowden cables can completely isolate the human from motor inertia when desired. The capacity
to become transparent, or produce zero impedance, is desirable in exoskeletons, as it is frequently useful to apply
precisely zero torque to the human [19, 42–44]. Uni-directional Bowden cables can be kept slack, preventing any
torque from being transmitted regardless of human dynamics [23, 31, 45]. However, allowing the transmission to become slack introduces complex dynamics and uncertainty during re-engagement, as in other systems with intermittent
contact, which can make torque control more difficult.
The human ankle produces more than half of the mechanical work of the lower limbs during walking [46] and
has been a frequent target for exoskeleton and prosthesis assistance [47] and humanoid robot control [48]. In fact,
ankle joint assistance has led to the first systems that reduce the energy cost of walking for humans [22], including
one device that does so passively [49]. Improved torque control at ankle joints of robotic legged locomotion systems
would provide immediate benefits for such systems, and could also be beneficial at knee and hip joints.
Torque control is typically implemented at a low level in walking-related robot control hierarchies, with higher level
controllers determining behaviors and commanding desired torques. In such schemes, desired torque is not a control
objective selected in advance, but rather a mid-level signal, often with complex dynamics that reflect interactions with
the human user. In this chapter, we will refer to the class of control elements that generate desired torque as high-level
controllers, and to the elements that enforce desired torque, the torque controllers that are the primary focus of this
study, as low-level controllers. Since the dynamics of the desired torque signal depend on the high-level control type,
we expect interactions with low-level controllers that will affect torque tracking performance.
Many potential low-level control elements have been proposed for tracking torque and position in walking related
robots and series elastic actuators. Prominent categories of torque control include classical feedback, model-based
control, adaptive control and iterative learning.
Classical proportional-integral-derivative (PID) feedback control, and simple variations thereon, have been widely
employed in exoskeletons due to their simplicity and ease of tuning. Integral control elements are used to reduce steady
state errors in series elastic actuators with consistent dynamics and low impedance [30, 35, 36, 44, 50–52]. Integrationfree proportional-derivative (PD) control is often used in high-impedance exoskeletons [53–55] and in series elastic
actuators with more modeling uncertainties [41, 42]. In cases where the derivative of the error signal is noisy, damping
injection, or negative feedback on a less noisy velocity in the system, can be used instead to provide similar stabilizing
effects [56, 57]. Gain scheduling, in which control gain values change according to system states, is sometimes used
in the control of robots that interact with humans for improved safety or intervention efficiency [58–60].
Model-based control elements are often used in robots to improve torque-tracking performance. Approaches typically include feed-forward terms that use inverted plant dynamics to shape impedance or torque [5, 17, 35, 44, 52, 61].
This approach works best with an accurate model of the system.
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Adaptive control has also often been used in systems with human-robot interaction [62]. One example of adaptive
control that has been applied to human-robot interaction is passivity-based control. These controllers manipulate
the energy balance of the system using a system model and adaptive control elements, and can improve tracking
performance with provable closed-loop stability [63]. Passivity-based control has been proposed for series elastic
actuators [64] and used during human-robot interactions [62].
Variations on iterative learning derived from industrial robots have also been applied to robotic legged locomotion
[44, 65]. This approach improves tracking performance by exploiting the cyclic nature of gait; tracking errors from
past walking steps are used to predict errors in the ensuing step, and feed-forward corrections are applied. Since
corrections are based on an accumulation of past errors, this approach bears some resemblance to classical integral
control, in which errors in previous steps are used to improve performance during the present step.
High-level controllers intended to assist human walking include schemes that command desired torque based on
time, joint angle, neuromuscular models, and electromyographic measurements. Perhaps the simplest way to generate
desired torques is as a function of time, which can be used to regulate the relative timing of robot actions as well as
human actions in cases of exoskeletons and prostheses [22, 23, 66]. Another common method is to imitate observed
relationships between human joint angles and joint torques [25, 67, 68], which can be especially useful in regulating
net joint work [41]. Virtual neuromuscular systems with complex internal dynamics have also been used to generate
desired joint torques in assistive devices [69–76]. This method has demonstrated benefits in the control of adaptive
prosthetic limbs [77]. Direct neuromuscular interfaces, such as through electromyographic measurement of muscle
activity, promise more intuitive control of exoskeletons by users [28, 47, 61, 78–80]. Each of these high-level control
approaches may be advantageous in some assistance paradigm, and each results in desired torque signals with different
dynamics.
Many approaches to torque control in robotic legged locomotion have been established, but a more complete
comparison would be helpful when designing controllers for new systems. The classical feedback, model-based,
adaptive and iterative learning control approaches reviewed in this section all have strengths for human-robot interaction. Several of these controllers have been tested in lower-limb exoskeletons and have shown good performance
[30, 40, 43, 44, 81, 82]. Comparisons across studies are made difficult, however, due to differences in protocol, performance metrics, hardware, and high-level controllers. Some results are reported for benchtop tests [83–85], which may
provide more positive results than during complex interactions with humans. Some results are not reported quantitatively [81], which makes comparisons difficult. In some cases a small number of controllers have been tested on the
same hardware [44], but in most cases torque tracking results are provided for a single controller working with a single
system. This makes comparisons across studies difficult, since some portion of the differences in performance may be
due to differences in the capability of the hardware used. Similarly, comparisons have been performed with different
high-level controllers, which could interact with low-level controllers and contribute to differences in performance
across studies. Studies comparing a wide range of torque controllers in human-interaction protocols with quantitative
performance metrics, consistent hardware setups and a variety of high-level controllers would help establish guidelines
for selecting and tuning controllers for new robotic legged locomotion systems.
The aim of this chapter is to compare the tracking performance of prominent torque control methods, with multiple high-level desired torque conditions, in a single robotic legged locomotion platform during walking. Promising
methods using classical feedback, model-based, adaptive and iterative learning control elements were used. Although
it was impractical to test all possible control strategies, the chosen controllers span the set of candidate methods and
provide a more comprehensive test than previously available. A diverse sample of high-level controllers were used
to test for interactions with low-level control dynamics and provide insights into the generality of tracking results. A
single exoskeleton system was used, experimentally controlling for hardware capabilities. Tests were conducted while
a human wore the exoskeleton and walked on a treadmill, making results relevant to conditions with complex interactions between the robot, a human user, and the environment. We anticipate these results to help guide the selection
and tuning of torque control elements in various robotic legged locomotion systems.

5.2
5.2.1

System Overview
System Modeling

A diagram of a typical one degree-of-freedom lower-limb robot driven by a series elastic actuator through a cable
with a geared motor is shown in Fig. 5.1. Based on this structure, we used the following simplified models of system
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Figure 5.1: A schematic diagram of a one degree-of-freedom, cable-driven, robotic legged locomotion system with
a series elastic actuator. This diagram uses an ankle device as an example. θm and θ p are motor position and pulley
position after gearing respectively. θe is the device joint angle. R is the effective aspect ratio between motor output
ra
pulley radius r p and device joint velocity lever arm ra defined as R = .
rp
components to aid in our understanding of the system, make reasonable choices for model-free control elements, and
design model-based control elements.
 Motor Dynamics
Assuming armature inductance dynamics occur at a substantially higher frequency than rotor dynamics, and
therefore have negligible effects, the dynamics of the motor can be written as
(
1
Ka · ia (t) = Ie · N · θ̈ p (t) + fe · N · θ̇ p (t) + · τo (t),
,
(5.1)
N
Va (t) = Ra · ia (t) + Kb · N · θ̇ p (t)
in which Ka is the motor-torque constant, ia is the armature current, Ie is the effective moment of inertia of the
motor and gear referred to the motor shaft, N = θ̇m/θ̇ p is the gear ratio, θm is the angular position of the motor
shaft, θ p is the angular position of the gear output shaft, fe is the effective viscous friction coefficient of the
combined motor and gear referred to the motor shaft, τo is output torque at the gear output pulley, Va is the
armature voltage, Ra is the armature resistance, and Kb is the motor voltage constant.
 Transmission Model
The pulley transmits load to the cable as
τo = F · r p

(5.2)

in which r p is the radius of the pulley attached to the gear output and F is the tension in the cable on the motor
side. Making the simplifying assumption that there is no friction in the transmission, the torque at the device
side is
τ = F · ra ,
(5.3)
in which ra is the lever arm at the ankle joint. We further assume that the angular excursion of the ankle joint is
small, and that the lever arm is therefore approximately constant.
 Force-Position Relationship
Making the simplifying assumption that the cable has either spring-like compliance or negligible compliance
compared to the series spring, we have
F = Kc · (r p · θ p − ra · θe )

(5.4)
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in which Kc is the total effective stiffness of the cable transmission and series spring and θ p and θe are the pulley
and device joint angles relative to a neutral position at which the cable begins to go slack.

 Torque-Angle Relationship
Defining the gear ratio of the transmission, R, as
R=

ra
rp

(5.5)

the torque applied by the device can be written as
τ

= F · ra


ra
= r p · ra · Kc θ p − θe
rp
= Kt (θ p − θe R)

(5.6)

with transmission stiffness, Kt , defined as
Kt = r p · ra · Kc

(5.7)

relating torque at the device to the angles of the motor output pulley and device joint.
 Device Joint Dynamics
Applying law of balance of angular momentum to the device joint, we have
τ − τh − Be · θ̇e = Ie · θ̈e

(5.8)

where τh is the torque applied to the robot by the environment, which is mostly human body in case of exoskeletons, Be is the device joint damping coefficient, and Ie is the moment of inertia of the device.
 Motor Velocity Control Dynamics
Motors are often operated in velocity control mode in series elastic actuators, which tends to result in lower
actuation impedance and better torque tracking [35, 36]. Without access to the proprietary controller used by
the commercialized motor drivers, the precise relationship between desired motor velocity, θ̇m,des , and input
voltage to the motor, Va , is unknown. However, from Eq. (5.1), we can derive the relationship between input
voltage and actual motor velocity as
Va

=
=



Ra Ie N
Ra fe N
Ra
+ Kb N θ̇ p + τo
θ̈ p +
Ka
K
K
a
a


Ra fe
Ra
Ra Ie
θ̈m +
+ Kb θ̇m + τo
Ka
Ka
Ka

(5.9)

When the angular acceleration is zero, this reduces to

Va =


Ra fe
Ra
+ Kb θ̇m + τo .
Ka
Ka

(5.10)

At moderate torques and speeds, the contribution of armature resistance to voltage drop is small at moderate
speeds. Neglecting this term, we have

Va =


Ra fe
+ Kb θ̇m ,
Ka

and input voltage and motor velocity are linearly related at low torque and high speed.

(5.11)
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5.2.2

Potential Control Issues

While the dynamic models described by Eq. (5.1)-(5.11) capture the basic properties of the system, they do not address
its full complexity. There are additional uncertain or changing dynamics that are difficult to model, which contribute to
most of the challenges of the control problem we are addressing. These additional complexities are described below.
 Bowden Cable Nonlinearities and Stiction
Bowden cables are often used as a part of the transmission in robotic legged locomotion systems. For simplicity,
we modeled the Bowden cable as a frictionless linear spring, but its stiffness is actually nonlinear and there
are substantial frictional effects. The cable is stiffening, exhibiting greater local stiffness at high loads. This
can be seen in the torque versus ankle angle curves generated by fixing the motor and passively flexing the
device joint during walking (Fig. 5.2). The cable warms over the course of a many strides, which decreases its
overall stiffness. It exhibits creep, which increases the slack length. If the cable is allowed to go slack, the state
corresponding to re-engagement is uncertain. There is substantial friction in the cable, including dissipation
with characteristics of Coloumb friction, viscous damping, and stiction, some of which are visible in Fig. 5.2.
The cable heats over the course of many strides, which increases overall friction. Stiction leads to sudden
changes in cable force, and propagation of the slipping point along the length of the cable makes these changes
unpredictable. These transmission properties are complex, nonlinear and time varying.

Passive Torque (Nm)

40

Step−wise
Average

20

0
−0.35

0
Ankle Angle (rad)

0.18

Figure 5.2: Torque versus exoskeleton ankle joint angle relationship with motor position fixed and the ankle joint
being passively flexed for one hundred strides.

 Human-Robot Interaction and Human Adaptation
In the case of exoskeletons and prostheses, the robot device works together with the human body. The device
often contacts the soft tissues and muscles of the human body, often using flexible straps. This interface is
complex and nonlinear, with low overall impedance. For example, muscle activity beneath the straps can substantially affect stiffness and damping at the interface. Straps may also shift on the limb, altering lever arms and
engaging different tissues. Human kinematics, kinetics and underlying neural and muscular activity also vary in
time and across steps. This can be seen in the variations in ankle joint angle curves over many steps, even when
the motor position is fixed (Fig. 5.3).
 Delays Caused by Communication and Motor Velocity Tracking
Delays in generating desired motor position also pose a control challenge. A portion of these delays can come
from communication between subsystems. For example, in the hardware used in this study there was a 6 ms
closed-loop communication delay. Another effective delay comes from accelerating the motor rotor. For the
hardware used in this study the motor velocity rise time was about 7 ms. These delays cause feedback controllers
to become unstable as gains are increased, limiting closed-loop performance.

5.3. A CASE STUDY WITH AN ANKLE EXOSKELETON
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Figure 5.3: Variability in exoskeleton ankle joint angle trajectory during one hundred strides of walking with the motor
position fixed and the ankle exoskeleton passively flexing.

An effective low-level torque controller must accommodate these complex, nonlinear, time-varying system features.
As discussed in the Introduction section, various control methods have been employed in addressing this issue, which
include model-free and model-based controllers that were used as feedback or feed-forward elements. These methods
span the range of classical proportional-integral-derivative control, passivity-based control, model-based feed-forward
compensation and iterative learning compensation. The relative performance of these control approaches will be
investigated in this chapter with an experimental case study in an ankle exoskeleton testbed, which will be detailed in
the next section.

5.3

A Case Study with an Ankle Exoskeleton

To investigate the relative performance of various control methods in torque tracking for robotic legged locomotion, a
case study was conducted. We compared torque tracking performance for nine common torque control methods that
used combinations of classical feedback control, model-based control, adaptive control and iterative learning. These
included examples of model-free and model-based feedback and feedforward control. Each low-level torque controller
was tested with four high-level walking controllers that set desired torque based on time, ankle angle, a neuromuscular
model, or electromyographic measurements. All controllers were implemented on a tethered ankle-foot exoskeleton
with series-elastic actuation driven by a uni-directional Bowden cable, and each was tuned to minimize error. The
exoskeleton was then worn by one subject who walked on a treadmill for one hundred strides at steady state under
each condition, and the root mean squared errors between desired and measured torque were calculated for each stride
and for the averaged stride.

5.3.1

Exoskeleton system

We tested on a tethered ankle exoskeleton that was comprised of an off-board real-time control module and geared
electric motor, a uni-directional Bowden cable transmission with a series spring, and an exoskeleton frame that interfaced with the human foot and shank (Fig. 5.4). This system is described in detail in Witte et al. (2015) [31], and a
summary is provided below.
We used a dedicated real-time control system (ACE1103, dSPACE Inc.) to sample sensors at 5000 Hz, filter sensor
data at 200 Hz, and generate desired motor velocity commands at 500 Hz. The motor unit was composed of a lowinertia, 1.6 kW AC servo motor and a 5:1 planetary gear, with input voltage regulated by a motor driver running in
velocity control mode (BSM90N-175AD, GBSM90-MRP120-5 and MFE460A010B, Baldor Electric Co.). A digital
optical encoder (E4, US Digital Corp.) measured motor position. As an indication of motor module performance, the
100% rise time to peak motor velocity was 0.013 s.
A flexible uni-directional Bowden cable transmitted forces from the motor to the exoskeleton frame while minimally restricting leg motions. The cable was composed of a coiled-steel outer conduit (415310-00, Lexco Cable Mfg.)
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Figure 5.4: Experimental Testbed: A) A real-time controller reads sensory information, computes desired torques
using a high-level controller, computes desired motor velocity using a low level controller, and outputs desired motor
velocity to the motor drive. B) A dedicated motor drive. C) An off-board geared motor and pulley. D) A Bowden
cable transmission. E) A lightweight instrumented ankle exoskeleton. F) A enlarged schematic of the exoskeleton. G)
A photograph of the exoskeleton.
and a 0.003 m diameter Vectranr inner rope, and was 2 m in length. A series spring (DWC-148M-12, Diamond Wire
Spring Co.) with an effective stiffness of 190 N·m·rad−1 (in terms of ankle rotation) was attached at the end of the
rope to provide increased compliance.
The exoskeleton frame applied forces on the front of the human shank below the knee, beneath the heel, and on the
ground beneath the toe, so as to generate an ankle plantarflexion torque in proportion to transmission force. Torque
was measured using strain gauges (MMF003129, Micro-Measurements) applied in a full Wheatstone bridge on the
heel lever, with 1000 Hz signal conditioning (CSG110, Futek Inc.). Joint angle was measured using a digital optical
encoder (E5, US Digital Corp.). For one of the high-level controllers, we measured gastrocnemius muscle activity
using a wired electromyography system (Bagnoli 4 EMG System, Delsys Inc.).
The high-level and low-level controllers, motor, transmission, exoskeleton frame and human interacted as shown
in Fig. 5.5. The high-level controller used time, t, device joint angle, θe , or human electromyography, EMG, to
determine desired torque. The low-level controller regulated torque, using desired torque, τdes , measured torque, τ,
motor angle, θm , and/or device angle to command desired motor velocity, θ̇m,des . A hardware motor driver regulated
motor velocity. Motor rotations were transmitted through a cable to one end of a series spring. Together with device
rotation, this determined spring deflection, which in turn generated device torque. Exoskeleton movements resulted
from the balance of torques from the series spring and from the human leg.
Time
Human
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Control

-τh
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τh
Exo
Frame
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Δθ _ θ’p
+
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Figure 5.5: Flowchart of the control system. High Level Control and Low Level Control are the two blocks to be
varied in this study.
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Low-Level Torque Controllers

We tested torque tracking performance with nine prominent low-level torque control methods. Low-level controllers
were selected based on prominence in the literature, expected performance based on system modeling, and the results
of pilot testing. They included model-free and model-based feedback and feedforward elements. Desired torque was
set with each of four high-level exoskeleton control strategies, chosen based on prominence in the literature. High-level
controllers set desired torque based on time, joint angle, a neuromuscular model or electromyography.
Motor Velocity Control
All torque controllers investigated in this study included motor velocity control performed by a dedicated hardware motor controller. Series elastic actuators with a drive running in velocity mode typically have lower
actuation impedance and smoother torque tracking with lower error [35, 36] than when torque is commanded to
the drive. With series elastic actuation, controlling motor velocity is similar to controlling the rate of change of
applied torque, since torque is approximated by the product of series stiffness and the difference between motor
angle and exoskeleton joint angle (Eq. 5.6). Desired motor velocity was calculated as:
1
· ∆θm,des
T
N
=
· ∆θ p,des
T

θ̇m,des =

(5.12)

where θ̇m,des is commanded motor velocity, T is a gain related to rise time, ∆θm,des is desired change in motor
position, N is the motor gear ratio, and ∆θ p,des is desired change in pulley position, determined by one of the
low-level torque controllers described below. The value of T was tuned so as to minimize motor position rise
time without causing oscillations during torque tracking.
Model-Free Feedback Control
The first group of torque controllers used model-free feedback control, comprising variations on classical proportionalintegral-derivative control. Gains were tuned systematically using model-free procedures. Following tuning and pilot
testing, four low-level controllers were experimentally compared, L 1–L 4.

L 1:

Proportional Control with Damping Injection (PD∗ )
This controller was analogous to classical proportional-derivative control of torque, with damping injection
[56, 57] on motor velocity taking the place of the derivative term:
∆θ p,des = −K p · eτ − Kd · θ̇ p

(5.13)

where K p is a proportional gain, eτ = τ − τdes is torque error, τ is measured exoskeleton torque, τdes is desired
exoskeleton torque, Kd is a damping gain, and θ̇ p is measured velocity of the motor pulley. In pilot testing, we
found the damping term more effective than a term with the derivative of torque error; torque was measured
with analog strain gauges, which included substantial noise, while pulley position was measured with a digital
encoder. Damping was placed on motor pulley velocity alone rather than the relative velocity between the
motor pulley and the exoskeleton joint. In pilot tests, using relative velocity was less effective, likely due to the
irregular effects of stiction in the Bowden cable transmission on ankle joint velocity.
L 2:

Proportional Control with Damping Injection and Error-Dependent Gains (PD∗ +EDG)
This controller was identical to L 1, with the exception that the proportional gain was error-dependent [60, 62],
and increased with torque error:
 |e | 

τ
K p∗ = min
· hk , Kmax
hτ
(5.14)
∆θ p,des = −K p∗ · eτ − Kd · θ̇ p
where the symbol de denotes the ceiling operation, K p∗ is the error-dependent proportional gain, hτ and hk
are torque error and proportional gain step sizes, and Kmax is the maximum allowable gain. This is similar to
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performing proportional control on the square of the torque error, with a sign and gain adjustment. This type of
gain scheduling is expected to result in slower corrections, and fewer oscillations, when torque tracking errors
are small.

L 3:

Proportional Control with Damping Injection and Previous-Error Compensation (PD∗ +PEC)
This controller was identical to L 1, except that desired torque was altered based on torque error from the previous
instant in time [86, 87] as:
0 =τ
τdes
des − eτ,prev
0 ) − K · θ̇
∆θ p,des = −K pec · (τ − τdes
p
d

(5.15)

0 is the compensated torque error and e
where τdes
τ,prev is the torque error from the previous time step. K pec is
a proportional gain. This approach is expected to increase the control response to large errors. It bears some
similarity to integral control, in that it includes a term on prior error, but differs in that only the prior error at the
previous sampling time is used rather than the entire time history. In cases where torque error changes slowly,
this approach approximates a doubling of the proportional gain.
L 4:

Proportional-Integral Control with Damping Injection (PID∗ )
This controller was analogous to classical proportional-integral-derivative control, with damping injection substituted for the derivative term:
∆θ p,des = −K p · eτ − Ki ·

Z t
t0

eτ dt − Kd · θ̇ p

(5.16)

where Ki is the gain on the integral of torque error, t0 is the time at which the stride began, and t is the present
time. Integral control is expected to eliminate steady-state error by accumulation of control input [35, 36, 50].

Model-Based Feed-Forward Control
Many systems with series elastic actuators use an inverse dynamics model of the series spring as a feed-forward
control element, typically added to a model-free feedback component. We implemented one such model-based controller in this study, L 5.
L 5:

Proportional Control with Damping Injection and Model-based Compensation (PD∗ +M)
This controller included both the classical feedback controller of L 1 and a model-based feedforward term, which
was intended to anticipate changes in desired motor position due to either changes in exoskeleton joint angle or
changes in desired joint torque:
∆θ p,des = −K p · eτ − Kd · θ̇ p + (θmdl − θ p )
θmdl = θe · R̃ − τdes · K̃t−1

(5.17)

where θmdl is a model-based motor position compensation generated from Eq. (5.6), θ p is measured motor
pulley position, θe is measured exoskeleton ankle joint angle, R̃ is the estimate of R as defined in Eq. (5.5),
or the ratio of the exoskeleton lever arm to the motor pulley radius, and K̃t is an estimate of Kt , which is the
total stiffness of the tether, series spring, and other structures between the motor pulley and exoskeleton joint as
defined by Eq. (5.7). This is an inverse dynamics approach similar to computed torque and feedback linearization
in nonlinear control. If desired torque remains constant but the exoskeleton joint moves, we expect the motor to
need to move in proportion. If the joint is stationary but desired torque changes, we expect we know how much
to move the motor to obtain the desired change in torque.
We also performed pilot tests with a version of this controller in which change in pulley angle, rather than
absolute pulley angle, was anticipated based on the rate of change in exoskeleton angle and the rate of change
in desired torque. This approach was less stable, owing to the effects of Bowden cable stiction on exoskeleton
joint angle and the interplay between user behavior and desired torque through the high-level controller.
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Model-Based Feedback Control
Adaptive control approaches [88, 89] using more complete system models have also been applied to exoskeletons.
Such regimes have the capacity to exploit additional knowledge of system dynamics and allow theoretical tests of
stability and performance. We developed a new adaptive controller for this system using a passivity-based approach,
L 6.
L 6:

Passivity-Based Adaptive Control (PAS)
Combining the dynamics of the subsystems described by Eqs. (5.1)–(5.8) so as to eliminate F and ia , we have
following dynamics of the system:
τ̈ + K1 τ̇ + K2 τ + Sθ θ̇e = KV Va + Kh τh

(5.18)

in which τ denotes the torque transmitted to the exoskeleton from the motor, θe denotes the exoskeleton joint
angle, Va is the voltage applied to the armature of the motor, and τh denotes the torque applied to the exoskeleton
by the human body. KV , K1 , K2 and Kh are positive gains expressed as
KV =

ra r p Ka Kc
Ie NRa

K1 =

1 Ka Kb
(
+ fe )
Ie Ra

K2 =
Kh =

r2p Kc
N 2 Ie
ra2 Kc
Ie

r2 Kc
+ a
Ie
,

and Sθ is a gain expressed as

r2 Kc Ka Kb
r2 Kc Be
Sθ = [ a (
+ fe ) − a
]
Ie
Ra
Ie
with definitions of system constants provided in Section 5.2.1. Based on the system model in Eq. (5.18), we
developed a new, provably stable, adaptive controller for the system.
We define the controller as:
Va = −K p · eτ − Ks · s
+Yd (τ, τ̇r , τ̈r , θ̇e ) · Γ̃

(5.19)

−Ksw · sign(s)
where K p and eτ are as defined in L 1, Ks is the sliding control gain, s is the sliding vector, defined below, Yd is
a regressor, defined below, Γ and Γ̃ are the system parameter vector and its estimate, defined below, and Ksw is
the switching term gain. The sliding vector s is defined as:
s = τ̇ − τ̇des + λ · eτ = τ̇ − τ̇r
where λ is a positive scalar and τr is a virtual reference torque. The regressor, Yd , is defined as:
Yd (τ, τ̇r , τ̈r , θ̇e ) = [ τ τ̇r τ̈r θ̇e ],
and is used to express the dynamics as a linear combination of system parameters as:
Yd · Γ =

1
K
K
S
· τ̈r + 1 · τ̇r + 2 · τ + θ · θ̇e
Kv
Kv
Kv
Kv

The system parameter, Γ, is defined as:
Γ = Kv−1 · [1 K1 K2 Sθ ]| .
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With full knowledge of system parameters, or Γ̃ = Γ, Eq. (5.19) describes a model-based computed torque
controller. For practical reasons, however, it is difficult to identify the value of Γ. Therefore, an update law is
added to estimate the system parameters, Γ̃, as follows:
Γ̃˙ = −LYd| s.

(5.20)

where L is a symmetric positive definite parameter adaptation gain matrix. This parameter updating process
reduces the model-dependency of the controller in Eq. (5.19), because only the structure of the dynamic model
is used in the construction of the controller.
The closed-loop system with the model-based adaptive controller described by Eqs. (5.19)–(5.20) and dynamics
described by Eq. (5.18) is stable and the exoskeleton torque trajectory τ converges to the desired value of τdes ,
provided that the human input torque, τh , the desired torque trajectory, τdes , and their time derivatives, τ̇h , τ̇des ,
and τ̈des , are bounded. A proof is provided in Appendix A.
In pilot tests, we found that better performance was obtained with this controller by setting the time rate of
change in desired torque to zero. In practice, for most high-level controllers, the time derivative of desired
torque, τ̇des , could not be calculated in advance and contained substantial noise when approximated numerically.
Noise on this signal arose from the human measurements used by the high-level controllers to calculate desired
torque. We also found that the time derivative of torque error, ėτ , contained substantial noise, in part due to
noise on the analog strain gauge signal and in part due to complex Bowden cable transmission dynamics. Better
performance was obtained using motor output pulley velocity, θ̇ p , in its place. This substitution is equivalent to
assuming that the characteristic time of exoskeleton joint dynamics was much larger than the characteristic time
of motor dynamics (Eq. 5.6). It is also analogous to the use of damping injection in place of derivative control
in the other controllers tested. The sliding vector and regressor are therefore approximated as:
s ≈ θ̇ p + λ · eτ
Yd ≈ [ τ − λ · eτ − λ · θ̇ p θ̇e ]
Additionally, in pilot tests we found that it was more effective to operate the dedicated motor drive in velocity
control mode, rather than voltage control mode. This difference in performance is likely due to the faster control
loop in the motor driver, which allowed voltage to be changed more frequently and with less delay than for
the control system as a whole. Motor velocity is strongly related to applied voltage, since the two are linearly
related for a given torque at steady state (Eq. 5.11). This led to a similar formulation as for all other low-level
controllers:
∆θ p,des = −K p · eτ − Ks · s
+ Yd (τ, eτ , θ̇ p , θ̇e ) · Γ̃

(5.21)

−Ksw · sign(s)
Model-Free Feed-Forward Control
We also tested a group of controllers that use iterative learning as a feed-forward component, which were expected
to improve performance by exploiting the cyclic nature of human gait.
L 7:

Iterative Learning of Desired Motor Position (LRN)
This controller used torque error at each instant of one stride to update a feed-forward trajectory of desired
motor position for each instant of the next stride. This is a variation on iterative learning, which, more generally,
exploits the cyclic nature of a task to compensate complex system dynamics without an explicit model [90–93].
While walking is not as consistent as the operations of most industrial robots, it is cyclic, which was expected
to afford some improvement in torque errors that occurred consistently from stride to stride.
The feed-forward trajectory of desired motor position, θ p,des , was calculated as:
θ p,des (i, n + 1) = θ p,des (i, n) − Kl · eτ (i, n)

(5.22)
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where i is the time index or number of control cycles elapsed within this stride, n is this stride and n + 1 is the
next stride, and Kl is the iterative learning gain. Desired motor position was then enforced as:
∆θ p,des (i, n) = θ p,des (i + D, n) − θ p (i, n)

(5.23)

where D is an estimate of the delay between commanding and achieving a change in motor position. During
tuning, both Kl and D were adjusted.
Current torque error thereby updates desired motor position for the same time index on the next stride, while
commanded motor velocity at this time index is based on a preview of desired motor position later in the same
stride. Since the learned trajectory used in the present step has no dependence on the present torque, this method
is feed-forward. However, present motor pulley position measurements were used in generating present motor
velocity commands. This method can therefore be viewed as a feed-forward iterative learning control of torque
combined with proportional feedback control of motor position.
Forgetting during Learning
To avoid divergence due to excessive accumulation of ripples during the learning process, a ‘forgetting’ constant
was introduced to Eq. (5.22) as:
θ p,des (i, n + 1) = β · θ p,des (i, n) − Kl · eτ (i, n)

(5.24)

where β ∈ [0, 1] is a weight on the learned trajectory. For β = 1, all learning is retained, zero steady-state offset
is expected, but ripples can form if the value of D is incorrect. For β < 1, torque errors from strides before the
last stride have a reduced effect on controller behavior, reducing likelihood of ripple formation, but leading to
some steady-state torque offset. For β = 0, iterative learning is disabled. L 7 then becomes proportional control
based on the torque error delayed by one step, and poor torque tracking performance is expected.
Learning from Filtered Errors
Noise in the error signal leads to inappropriate updates on the learned trajectory, which can excite unstable ripple
formation. This excitation can be reduced by filtering the error signal across strides:
e f lt (i, n) = (1 − µ) · e f lt (i, n − 1) + µ · eτ (i, n)

(5.25)

where e f lt is the filtered torque error trajectory, initially an array of zeros, used in place of eτ in Eq. (5.22)
and (5.24), and µ ∈ [0, 1] is a weighting term on the learned error. For µ = 1, only the error from the last
stride is used to update the motor trajectory, resulting in faster convergence but larger effects of sensor noise.
For µ < 1, errors at this time increment from all prior strides have some effect on the motor trajectory update,
resulting in slower but more stable convergence. For µ = 0, torque error is not updated, and iterative learning is
disabled.
L 8:

Iterative Learning of Desired Motor Position + Proportional-Damping Compensation (LRN+PD∗ )
This controller combined iterative learning with proportional-damping feedback control to compensate remaining torque errors. It is a direct superposition of controllers L 1 and L 7, in which the absolute desired motor
position was learned as in L 7 and feedback control was applied as in L 1:
LRN (i, n + 1) = β · θ LRN (i, n) − K · e (i, n)
θ p,des
l
f lt
p,des
LRN (i + D, n)
θ p,des (i, n) = θ p,des

(5.26)

−K p · eτ (i, n) − Kd · θ̇ p (i, n)
∆θ p,des (i, n) = θ p,des (i, n) − θ p (i, n)
Combining iterative learning with feedback control is thought to result in improved performance compared to
either component used in isolation [44]. Iterative learning is expected to generate a feed-forward trajectory that
tracks torque for an average stride with zero stead-state error regardless of the complexity of the command signal
required, but to be susceptible to step-by-step variability. Proportional-damping control is expected to quickly
compensate for small torque errors, but to be susceptible to rapid changes in desired or measured torque.
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Proportional Control with Damping Injection + Iterative Learning Compensation (PD∗ +∆LRN)
This controller is another combination of proportional-damping feedback and iterative learning feed-forward
control elements. Unlike controllers L 7 and L 8, the values to be learned are desired changes in motor position
instead of absolute desired positions:
LRN (i, n + 1) = β · ∆θ LRN (i, n) − K · e (i, n)
∆θ p,des
l
f lt
p,des

∆θ p,des (i, n) = −K p · eτ (i, n) − Kd θ̇ p (i, n)

(5.27)

LRN (i + D, n)
+∆θ p,des

This controller is very similar to L 8, and is expected to have similar strengths and weaknesses. Differences in
motor position are learned rather than absolute positions, however, which eliminates measured motor pulley
position, θ p , from the formulation. It is therefore a velocity control approach rather than a position control
approach. This may affect stability, drift and the level and source of noise in the learned trajectory, which may
in turn affect the allowable gains and speed of convergence. Learning desired changes in position also affects
interactions between the feedback and feed-forward elements of the controller in the presence of step-by-step
variability; learned changes in position add the same way regardless of present position and error, while the
contribution of learned absolute positions depends upon the present motor position. Either approach can oppose
feedback contributions under some conditions, but in different ways. A detailed mathematical comparison of
these two approaches is provided in Appendix B.
Additional Feedback Control Terms Piloted
Several control elements that seemed likely to improve performance in theory did not fare well in pilot tests. This
may be due to the unique features of the control problem at hand, in particular the noisy sensory information and
the complex, changing dynamics of both the Bowden cable transmission and the human. These approaches were not
included in the final data collection.
One such example is the traditional derivative control element
−Kd (τ̇ − τ̇des )
which involves the derivative of torque error. Analog noise in the derivative of measured torque limited the magnitude
of the derivative gain that could be applied without causing oscillations. This limited the capacity of the derivative
term to stabilize the system, in turn limiting the magnitude of the proportional gains that could be applied.
Using the model described by Eq. (5.6), we next approximated the derivative term as:


−Kd (θ̇ p − θ̇e R) − τ̇des · K̃t
where the relative velocity between the motor and exoskeleton was substituted for the noisy measured torque derivative. The derivative of desired torque is also problematic, however, because it generally cannot be calculated in advance
and its numerical approximation online is subject to noise from the human measurements used by the high-level controller to calculate desired torque, for example electromyographic measurements.
We next tried using just the relative velocity between the motor pulley and exoskeleton joint:
−Kd (θ̇ p − θ̇e R)
which is equivalent to making the additional approximation that the derivative of desired torque, τ̇des , is negligible.
However, this control element was also found to be ineffective in pilot tests due to noise on the derivative of the
exoskeleton joint angle, which seems to primarily arise from stiction in the Bowden cable transmission.
Finally, we arrived at the simple damping term
−Kd θ̇ p
which relied only upon the derivative of motor pulley position, which had little noise to amplify, and provided sufficient
damping to improve stability.
We also pilot tested proportional control without a damping term, which was effective. However, the addition of
some damping always allowed for higher proportional gains and improved tracking performance. Therefore, proportional control was always used together with damping injection in our tests.
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High-Level Assistance Controllers

Stance Torque Control
During the stance period, desired exoskeleton joint torque was set according to one of four high-level assistance
controllers, H 1-H 4, described below.
H 1:

Time Based Desired Torque Trajectory (TIME)

Desired Torque

τP

torque

0

0

Time

ξ

Figure 5.6: High-level control based on a trajectory in time
This high-level controller set desired torque as a function of time. Time-based control elements are simple and
easily understood, and have been incorporated into many exoskeleton systems [22, 66, 67, 94]. We used a curve
that resembled a scaled-down version of the human ankle moment during unassisted walking, calculated as:
τdes =
0 < t < 0.15ξ : 0,
τp
t − 0.15ξ
0.15ξ < t < 0.30ξ :
sin(
π),
2
0.3ξ
−τ p
3τ p
t − 0.3ξ
0.30ξ < t < 0.45ξ :
cos(
π) +
,
4
0.15ξ
4
τp
τp
t − 0.45ξ
0.45ξ < t < 0.60ξ :
cos(
π) + ,
2
0.15ξ
2
0.60ξ ≤ t
: 0,

(5.28)

where t is the time since the current stride began, ξ is stride period and τ p is peak torque. We used ξ = 1.1 s
and τ p = 45 N·m in this experiment, which produced the desired torque profile shown in Fig. 5.6.
H 2:

Joint Angle Based Desired Torque (ANGLE)
This high-level controller set desired torque as a function of exoskeleton ankle joint angle and phase of the gait
cycle. This approach is a subset of impedance control, and is similar to setting desired torque based on a phase
variable rather than clock time. Variations have been employed in many assistive devices [26, 41, 95]. We used
a piece-wise linear curve that resembled a scaled-down version of the human ankle moment during unassisted
walking, calculated as:
τi − τi−1
τdes =
(θe − θe,i−1 ), i = {1, 2, 3, 4},
(5.29)
θe,i − θe,i−1
with curve parameter values as listed in Table 5.1.
Here, (θi , τi ) defines a node in torque-angle space (Fig. 5.7). The node (θ2 , τ2 ) marked the transition from the
dorsiflexion phase, in which ankle velocity was negative, to the plantarflexion phase, in which ankle velocity
was positive. Since the exact transition point varied on each stride, we used the angle and torque at the moment
of transition, (θ20 , τ20 ), when calculating desired torque in the first portion of Plantarflexion.
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Plantarflexion
Dorsiflexion

Desired Torque

[θ’e,2 τ’2]

torque
θe

[θe,1 τ1]

[θe,3 τ3]
[θe,4 τ4]
[θe,0 τ0]

0

Ankle Angle
Figure 5.7: High-level control based on ankle joint angle
Table 5.1: Angle-based control parameter values
Param
[θ0 , τ0 ]
[θ1 , τ1 ]
[θ2 , τ2 ]
H 3:

Value
[0.018, 0.00]
[-0.122, 18.1]
[-0.209, 45.2]

Param
[θ3 , τ3 ]
[θ4 , τ4 ]

Value
[0.00, 11.3]
[0.140, 0.00]

Neuromuscular Model Based Desired Torque (NMM)
This high-level controller set desired exoskeleton torque based on a Hill-type muscle model and a positive force
feedback reflex model. The resulting dynamics produce human-like motions and muscle activation patterns in
simulation [96] and are thought to interact well with the human neuromuscular system [72–76]. Virtual muscletendon-unit length and velocity were set by measured exoskeleton joint angle and angular velocity. Virtual
fiber length, velocity and activation were then used to determine muscle-tendon-unit force, Fmtu , which, after
conditioning, was used to set desired exoskeleton torque. We conditioned the force signal by applying a lowpass filter with frequency ωq , adding a small negative offset of τonmm , and applying a gain of Knmm . Virtual
muscle force was also used to drive a positive force feedback loop in which increased force led to increased
muscle activation. The virtual neural system multiplied muscle force by a reflex gain, KR , applied a time delay
of DR , added a small positive offset, PreStim, then applied a threshold, yielding the virtual muscle stimulation.
Virtual muscle activation was driven by stimulation through first-order dynamics. A high-level schematic is
provided in Fig. 5.8, high-level parameters are found in Table 5.2, and a full set of equations and parameters are
available in Appendix C.
VIRTUAL MUSCLE
Activation
Dynamics

VIRTUAL NEURAL SYSTEM
Stim

1
0

++

DR

1

Act

θe

Muscle
Tendon Unit

FMTU

PreStim

KR
τnmm
o

ųq

++

Knmm

τdes

SIGNAL CONDITIONING

Figure 5.8: Neuromuscular model control schematic
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Table 5.2: NMM parameter values

H 4:

Param

Value

Param

Value

KR

0.002

ωq

50 Hz

DR

0.020 s

τonmm

− 20

PreStim

0.05

Knmm

0.057 N·m

Electromyography Based Desired Torque (EMG)
This high-level controller set desired torque in proportion to electromyographic measurements from the human
gastrocnemius muscle. This approach gives the user direct neural control of the device, which is intended to
make interactions more intuitive [47, 79, 80], but can result in more complex desired torque dynamics. Electrical
activity in the gastrocnemius was measured using surface electrodes and a commercial electromyography system. The signal was then high-pass filtered at a frequency of ωhp , rectified, and low-pass filtered at a frequency
emg
of ωl p . A small negative offset, τo , was applied, which prevented desired torque generation at low levels of
muscle activity. The signal was then amplified by a gain, Kemg , yielding desired torque. A high-level schematic
is provided in Fig. 5.9, and the parameters used in this experiment can be found in Table 5.3.

|u|

EMG
Sensor

ųhp

Human
Muscle

τemg
o
++

ųlp

τdes

Kemg

SIGNAL CONDITIONING

Figure 5.9: Proportional electromyography control schematic
Table 5.3: EMG parameter values
Param

Value

Param

Value

Fhp

20 Hz

Fl p

6 Hz

Kemg

283

τo

emg

-0.008

Swing Control
When the foot was off the ground, motor position control was employed to allow free motion of the human ankle
and maintain a small amount of slack in the cable:
θ p,des = θe · R̃,

(5.30)

∆θ p,des = θ p,des − θ p
where θe is exoskeleton joint angle and R̃ is the estimated total gear ratio from motor to exoskeleton joint. Maintaining
low slack in the Bowden cable reduced the time required for cable winding at the beginning of stance.

5.3.4

Experimental Methods

All experiments were conducted with one (N = 1) healthy adult participant (30 yrs, 56 kg, 1.65 m tall, female).
Multiple participants were not warranted, as the aim of the study was to examine torque tracking performance by the
exoskeleton, not biomechanical response of the human. The participant walked on a treadmill at 1.25 m·s−1 with a
self-selected stride period of 1.08 ± 0.06 s while wearing the exoskeleton on one leg. The participant provided written
informed consent prior to participation in the study, which was conducted in accordance with a protocol approved by
the Carnegie Mellon University Institutional Review Board.
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Before collecting data, we tuned parameters for each combination of high- and low-level controller as the participant walked with the exoskeleton. High-level control parameters listed in the prior section were selected so as to result
in peak instantaneous desired torques of approximately 45 N·m during the course of one hundred steps of walking.
Low-level control parameters listed in Table 5.4 were systematically tuned with the aim of minimizing torque error.
Feedback, model and adaptive control gains in L 1 −L 6 and L 8 −L 9 were tuned using a variant of the Ziegler-Nichols
method [97], in which:
1. All gains (proportional, damping, integral, model, sliding, and/or adaptive) were set to zero.
2. The proportional gain was increased until significant oscillations were observed.
3. Gain value and oscillation period were then recorded and used to estimate optimal values for proportional and
damping gains.
4. Fine tuning of gains for all control elements, other than iterative learning, was then performed by the experimenter.
The iterative learning gain in L 7 was tuned such that steady state was reached at approximately 10 strides, which led to
a value of Kl that was about one tenth the tuned value of K p . The same gains were used for iterative learning elements
in controllers L 7 −L 9. During tuning we found very similar suitable low-level control parameters across high-level
controllers, and so used identical values within each low-level controller for consistency. Tuning was performed on a
separate day from data collection. For model-based compensation, the value of R̃ was based on measurements of the
motor output pulley radius, motor gear ratio, and exoskeleton lever arm. K̃c was estimated based on measurement of
the passive relationship between exoskeleton torque and exoskeleton joint angle measured during walking experiments
(Fig. 5.2).
Table 5.4: Low-level torque control parameter values
Param
Kp
Kd
Kmax
K pec
Ki
hτ

Value
0.093
0.010
0.15
0.046
7.7e-5
11.3 N·m

Param
R̃
K̃c
Ks
λ
L
hk

Value
2.90
195 N·m·rad−1
0.005
0.077
1.0e-9I3∗
0.039

Param
Kl
D
β
µ
T
Ksw

Value
0.0077
0.022 s
1
1
0.250 s
0

( ∗ I3 denotes a 3 × 3 identity matrix)
For each high-level controller, all low-level control conditions were tested on the same day, without removal of the
exoskeleton between trials. A table of condition order is presented in Supporting Materials1 Table SI.
For each combination of low-level torque control and high-level assistance control, we collected data from 100
steady-state strides. Steady state was typically reached after about 20 strides. The subsequent 100 strides were then
decomposed into individual strides, each beginning at heel strike as detected by a shoe-embedded switch. Data for an
average stride were then calculated by taking the mean for each instant within the stride, in time, beginning at heel
strike.
For each condition, we calculated torque error both for the set of all steady-state strides and for the average stride.
We quantified torque error as the root mean squared error of the difference between measured and desired torque. For
the set of all steady-state strides, we calculated root mean squared error for each stride individually, then calculated the
mean and standard deviation. For the set of all steady-state strides, we compared means within high-level controllers
and across low-level controllers using unpaired t-tests, with a significance level of α = 0.05.

5.3.5

Results

Means and standard deviations of stride-wise root-mean-squared torque error (RMS-E) and average-stride root-meansquared error (RMS-E AVG) of all low- and high-level controller combinations are shown in Fig. 5.10. A complete
∗ The

supporting document of this chapter is located at http://biomechatronics.cit.cmu.edu/publications/Zhang 2016 BLL---SuppMat.pdf
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Figure 5.10: Root-mean-squared torque error calculated for all strides (RMS-E) and for an average stride (RMS-E
AVG) across all high- and low-level control combinations.
table of p values for statistical comparisons between the RMS-E of all torque controllers are provided as Supporting
Materials (Tables SII-SV). Overlapped time trajectories of desired and measured joint torques across all one hundred
steady-state strides in each condition are shown in Fig. 5.11. Ankle angle trajectories in time and torque trajectories
in ankle angle space are also provided for all conditions as Supporting Materials (Figs. S1-S2). Convergence plots for
controllers that involved iterative learning are provided as Supporting Materials (Fig. S4).
The combination of proportional control and damping injection with iterative learning (PD∗ +∆LRN or LRN+PD∗ )
resulted in the lowest torque tracking errors for all high-level controllers, both in real-time and for average trajectories
(Fig. 5.10). Of these two combinations with comparable performance, feedback control with learning compensation
(PD∗ +∆LRN) was simpler and converged faster. Stride-wise torque errors with PD∗ +∆LRN were between 38% and
84% lower than with PD∗ alone (p< 1.9·10−43 ), while average-stride torque errors were between 91% and 97%
lower, depending on high-level controller. Iterative learning control alone tended to result in low errors for average
trajectories, but higher real-time errors than when combined with feedback control. Other additions to feedback control
had minor effects on performance, except for model-based compensation, which increased torque error substantially.
When desired torque was based on EMG, torque tracking error and variability were higher for almost all torque
controllers. Values for the PD∗ +∆LRN controller, including errors as a percentage of the maximum of the average
desired torque, are provided in Table 5.5. The contributions of each component of the PD∗ +∆LRN controller to
desired motor displacement, and their evolution in time, are depicted in Fig. 5.12.
There were some interactions between high-level control type and low-level torque control performance. With
Angle and EMG based high-level controllers, pure feedback control was more effective than pure iterative learning
control, while for Time and NMM based controllers this trend was reversed. With Time-based desired torque, all
controllers that did not have a learning component had poor tracking at the onset of desired torque, including a delay
and overshoot, that comprised a large portion of the total torque error (Fig. 5.11). The addition of iterative learning to
PD∗ control led to the greatest reductions in torque errors when desired torque was based on Time. An integral term
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Figure 5.11: Time trajectories of desired torque (pink dots) and measured torque (gray dots) for 100 strides of walking,
and average-stride desired torque (red line) and measured torque (gray line), for all combinations of controllers.
(PID∗ ) provided a small improvement in performance over PD∗ control for Time and Angle based controllers. With
Time-based high-level controllers, passivity (PAS) and previous-error compensation (PD∗ +PEC) provided a small
benefit as well.
Table 5.5: Tracking errors with PD∗ +∆LRN torque control for all four high level controllers

Time
Angle
NMM
EMG

5.4

RMSE

%τmax

RMSE-A

%τmax

0.57 ± 0.18 Nm
0.99 ± 0.23 Nm
0.93 ± 0.32 Nm
2.14 ± 0.77 Nm

1.3%
2.5%
2.3%
5.9%

0.10 Nm
0.11 Nm
0.12 Nm
0.22 Nm

0.2%
0.3%
0.3%
0.6%

Discussion

In this study, we investigated the effectiveness of several prominent torque control techniques in robotic legged locomotion, implemented on a tethered ankle exoskeleton, with unidirectional series-elastic actuation, during human walking, with a variety of high-level assistance controllers. We found that model-free proportional control with damping
injection compensated by iterative learning (Fig. 5.13) resulted in the lowest torque errors for all high-level controllers,
both in real-time and for an averaged trajectory. This controller resulted in improved normalized torque tracking errors
compared to prior torque control techniques.
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Figure 5.12: The contributions of each component of the PD∗ +∆LRN controller at steps 1-10, steps 51-60 and steps
101-110. In the first step proportional control dominates, and at steady state the learned component dominates. Data
shown are from the Time-based high-level controller. Plots for all high-level conditions are available as Supplementary
Materials (Fig. S5).

5.4.1

Proportional-learning-damping control

The most successful controller identified in this study has features that are analogous to those of classical proportionalintegral-derivative control: a proportional term provides tracking during transients, iterative learning eliminates steadystate cyclic errors, and damping injection provides stability. We might therefore label the approach ’proportionallearning-damping’ control.
Each component of the proportional-learning-damping controller contributes to overall commands in different
ways across the learning process. During the first few walking steps, proportional control is the primary contributor,
moderated by damping injection, while the learned trajectory remains near its initial value (Fig. 5.12, steps 1-10). At
steady state, inputs are primarily the result of learned trajectories, which anticipate and override damping injection,
while proportional control compensates for step-by-step variations in required input (Fig. 5.12, steps 91-100). This
results in strong performance during transients and exceptional performance at steady state.
Designing and tuning the proportional-learning-damping controller in the form of Eq. (5.27) is straightforward.
First, the proportional gain on torque error K p is slowly increased until some overshoot and oscillations are observed.
Next, the damping gain on motor velocity Kd is increased until high-frequency motor oscillations are observed, and
the gain is backed off of this limit. The proportional gain is then re-tuned such that it is as high as possible without
resulting in oscillations in torque error. Next, the learning gain Kl is set to a value of one tenth that of the proportional
gain and fine-tuned until convergence occurs within the desired time, in this case about ten strides. Finally, a parameter
sweep is performed on the delay parameter D used to preview learned desired motor position. The effects of learning
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Figure 5.13: A block diagram of controller L 9, PD∗ +∆LRN
are sensitive to this choice; without a delay value very close to optimal, ripples in the learned desired motor position
will form and grow. In those cases, non-unity values of the forgetting and error filtering terms, i.e., i.e., β 6= 1, µ 6= 1
are required to stabilize the system. With the correct choice of delay, however, ripples did not form during at least one
thousand strides in our experiments, even without forgetting or error filtering terms. We expect that a similar tuning
process would be effective for a wide variety of lower-limb robotic systems used in legged locomotion.
This approach builds on the strengths of torque control techniques implemented in prior lower-limb exoskeletons
and other legged locomotion robots. Feedback control terms similar to those tested in this study have been used in
Bowden-cable driven hip-knee exoskeletons [40], hip-knee exoskeletons with collocated drives [43] and mobile hip
exoskeletons [30]. Effective joint position tracking has been achieved in a knee exoskeleton using an iterative learning
approach analogous to that tested in this study [65]. Improvements in torque tracking have been achieved in a Bowdencable driven hip-knee exoskeleton using a lower-dimensional ’kernel-based’ version of the iterative learning approach
tested in this study [44]. The proportional-learning-damping controller identified in this study incorporates the most
effective permutations of these previously-identified control concepts.
Comparisons to prior torque tracking results can be complicated by differences in hardware. For example, the
present system has higher-power off-board motors than most exoskeletons, and the unidirectional Bowden cable can
go slack during the swing phase, eliminating the need for active control to achieve transparency, i.e., the ability to
apply zero impedance. On the other hand, some prior exoskeletons have estimated joint torques using simplified
system models rather than direct measurement, which can result in the appearance of low-error torque tracking despite
substantial unmeasured torque errors. Nevertheless, the proportional-learning-damping controller identified in this
study achieved the lowest torque errors as a percentage of desired torque of any exoskeleton to date.
It is likely that iterative learning of the form used here or in other studies, would improve torque tracking during
most human locomotor activities, since even irregular gaits exhibit some degree of repeatability. The case of the EMGbased high-level controller provides an insight into such scenarios, because the EMG signal contains substantial noise
and is highly variable from step to step (Fig. 5.11; Fig. S2). Despite these irregularities, the addition of a learning
component reduced torque tracking errors by 45% compared to feedback control alone in the EMG condition.
Further improvements in torque tracking for some high-level controllers might have been possible with alternate
phase variables. Iterative learning resulted in the greatest improvements in torque tracking for the Time-based highlevel controller, presumably because motor position adjustments were also learned in time. Learning as a function of
ankle angle in the Angle condition, for example, might have resulted in greater improvements. On the other hand,
time provides a unique and monotonically increasing phase variable, with consistent indexing across steps, capable of
capturing control inputs with very high levels of complexity. This topic merits further exploration.
Although this case study was conducted on an ankle exoskeleton, the system characteristics that lead to the effectiveness of the proportional-damping-learning controller during torque tracking also apply to other robotic legged
locomotion systems such as lower-limb prostheses and walking robots. The complex, uncertain and changing dynamics introduced by transmissions, gait variations, or human-robot interactions make model-based and continuous-time
integral control actions ineffective. The cyclic behavior of walking leads to improved performance performance with
the addition of an iterative learning element. The presence of delays leads to a benefit from a predictive feed-forward
element, in this case a learned compensation. These factors are discussed in the following section.

5.4.2

Benefits of additional control elements

There appeared to be some interactions between high-level and low-level control elements, which might provide
insights into strategies for circumstances that were not tested in this experiment.
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Continuous-time integration
When proportional-damping control was augmented by an integral term (PID∗ ), previous-error compensation (PD∗ +PEC),
or passivity-based adaptation (PAS), torque error with Time-based high-level control was slightly improved. However,
these continuous-time integral components showed no effect or negative effects in tracking performance for other
high-level controllers. We can identify two factors that may explain the ineffectiveness of integral control in these
cases. One factor is integral windup; the rapid changes in set point over the course of the stride could lead to either
excessive or insufficient error accumulation. Another factor is the nonlinear, changing, delayed dynamics of the system; the Bowden cable has nonlinear stiffness, both the transmission and human change in time, and there are delays
in the control loop and in motor actuation. All of these factors are known to limit integral control performance due to
the linear accumulation of torque errors that are not linearly comparable [98]. In the case of the Time-based high-level
controller, continuous-time integration may have been more effective due to the consistency of the desired torque in
time, which may have translated into more constant torque errors than with other high-level controllers.
The apparent success of integral terms in other robotic legged locomotion systems with Bowden-cable transmissions may be due to differences in torque sensing, cable composition or activities tested. For example, controllers of
the Lopes system have typically included an integral term on torque error [40, 44, 50]. Differences might relate to
torque sensing. In the present study, torque was measured at the joint using strain gauges. In Lopes, torque has been
estimated from relative angle of the motor and joint or from series spring deflection, which might result in a more
linear relationship between motor angle input and apparent joint torque. Differences might also relate to hardware.
The Bowden cables in Lopes have features that could make them more consistent with a simple spring model, such
as stiffer, pre-stretched steel cables and bidirectional drives that do not allow slack. Differences might also relate to
the characteristic behavior of the joint being assisted. Lopes assists the hip and knee, which have relatively smooth,
continuous patterns of joint torque. In this study, we assisted the ankle joint, which typically involves sharper changes
in dynamics. For example, the foot intermittently contacts the ground, discontinuously changing both the impedance
of the ankle joint and the magnitude of desired torques. These changes connote rapid changes in set point for the
controller, which leads to windup of integral control elements, among other challenges. The proportional-learningdamping controller developed here may therefore be expected to provide strong torque tracking performance under a
larger range of conditions.
Model-based control elements
Although model-based control elements show promise in simulation and in theory, these generally worsened or had
no effect on tracking performance in our experiment. One might expect that better performance could have been
obtained with a more accurate estimate of model parameters in the PD∗ +M controller. However, in exploratory tests
we found that the best performance was obtained by driving model-based contributions to zero. One reason for the
ineffectiveness of model-based compensation may have been the nonlinear stiffness of the Bowden cable, which we
modeled as a linear spring, and slow changes in cable stiffness and length due to heating over the course of each
trial. Another reason may have been the exclusion of friction and stiction. However, in pilot tests using model-based
compensation that included these elements, we found them to make the controller less robust; in each case the effects
were highly sensitive to choice of parameter value and torque tracking error was not reduced. Sensitivity to model
errors seems to be a fundamental issue in implementing this type of inverse-model control in devices with Bowden
cable transmissions.
The passivity-based controller (PAS) fared slightly better, perhaps due to its adaptive nature, but still did not yield
substantial benefits. One factor that may have limited its effectiveness is input mismatch; the controller was designed
with motor voltage as input (Eq. 5.18), but implemented using motor velocity commands instead. While these terms
are closely related (Eq 5.11), it is possible that an alternate mode of motor control, or an alternate formulation, could
have led to improved results. Another factor that may have limited performance was the inclusion of a term akin to
continuous-time integration, which is subject to windup as discussed above. The primary limitations likely stem from
the reliance on any explicit model, however, since the dynamics of this human-robot system are highly complex and
time-varying.
Some prior controllers have used model-based control elements, apparently to good effect. For example, [43] used
continuous-time integration and model-based terms that were not found to improve performance in the present study.
This may be because the Bowden cable transmission used here relocated heavy actuators off of the leg, making gravity
compensation unnecessary, but had more unmodeled dynamics than a gear train, making friction compensation less
effective. The proportional-learning-damping controller described here resulted in lower torque tracking error than in
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prior systems, suggesting improved performance might be achieved even in systems for which model-based control
has been effective. The proportional-learning-damping controller described here resulted in lower torque tracking error
than in prior systems, suggesting improved performance might be achieved even in systems for which model-based
control has been effective.
Gain scheduling, optimal control, and learning
Error-dependent gains (PD∗ +EDG) did not provide benefits for any high-level controller. Lower gains when torque
errors were low seem to have led to larger errors at other times, since the set point changed rapidly and there were
substantial execution delays. Gain scheduling methods that instead use optimal control might improve torque tracking
for this system, but such feedback control techniques would still be limited by communication and actuation delays.
By contrast, iterative learning realizes another form of optimal control, but uses a feed-forward approach to overcome
delays. The iterative learning controller developed here is a variation on one-dimensional root finding using Newton’s
method. The problem is to find the desired motor position (L 7 and L 8) or displacement (L 9) for zero torque error, i.e.,
to solve the function:
(5.31)

eτ (∆θm,des ) = 0
The solutions are approximated in an iterative manner by
∆θm,des (n + 1) = ∆θm,des (n) − Kl · eτ (n)

(5.32)

which can be rewritten as
∆θm,des (n + 1) = ∆θm,des (n) −

eτ (∆θm,des (n))

(5.33)

Kl−1

This demonstrates a variation of Newton’s method to solve eτ = 0 with the estimate for the derivative of eτ fixed as
e0τ = Kl−1 . Unlike gain scheduling in feedback control, this optimal control approach addresses control delays through
the combination of a feed-forward term and a delay-compensating prediction term. Therefore, even with an optimized
gain schedule, PD∗ +EDG probably would not out-perform PD∗ +∆LRN.

5.4.3

Factors limiting interpretation

High-level controllers
It is difficult to make comparisons across high-level controllers for the same low-level torque controller, because tracking difficulty may vary with desired torque pattern. For example, we can imagine a Time-based trajectory with step
changes in desired torque for which precise tracking would be infeasible. Similarly, the ease of tracking Angle-based
desired torques likely depends on the similarities between the target torque-angle curve and the passive relationship
arising from series elasticity. EMG-based desired torques generally seem to be difficult to track, given the unpredictable signals that directly drive desired torque, but increasing filter frequency could make this task easier. We did
not test multiple values for high-level parameters in this experiment, which is an area for future work.
Interactions with human response
We designed this experiment with the implicit expectation that low-level torque control would not significantly affect
human response to high-level assistance modes, but this does not appear to have been the case. Changes in the patterns
of desired torque (Fig. 5.11) and joint kinematics (Supporting Materials, Section II) across torque controllers within
the same high-level controller reveal an interaction effect. For example, we found more variability in joint kinematics
with PD∗ torque control than with LRN torque control when desired torque was generated on the basis of Time. In this
case, differences seem to be related to the smoothness of the measured torque generated by the two controllers; the
subject reported that the PD∗ controller had uncomfortable oscillations, leading to compensatory activity, while the
LRN controller did not. As another example, we found more variability in desired torque with NMM-based assistance
than Angle-based assistance using PD∗ torque control, but an opposite trend using LRN torque control. This appears to
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be the result of complex, multi-time-scale, dynamic interactions between continuous behavior of the torque controller,
within-stride variations by the human, high-level control responses, and human adaptation over multiple strides. These
effects may also be important in selecting and tuning an exoskeleton or prosthesis torque controller.

Hardware dependence
Robot hardware, particularly series compliance, also interacted with the quality of torque tracking. We performed pilot
tests with no series spring, other than the Bowden cable, and found significant increases in torque error and subject
discomfort for all control combinations. We also tried more compliant series springs, and found small increases in
torque tracking error. When series stiffness is too high, we expect small position changes by the human to result
in large, undesirable, changes in torque, and when it is too low we expect motor dynamics to limit performance
[32]. Interactions between series elasticity, low-level torque control, high-level assistance, and assisted task should be
explored in the future.
Some of the control elements found to be ineffective in this system might be more effective in devices with different hardware or task characteristics. For example, there are many examples of torque controllers incorporating
model-based terms, often accompanied by hardware that lends itself more readily to modeling [e.g. 43]. Experimental
comparisons of torque tracking performance with and without model-based terms in these systems would lend further insights into their potential contributions to effective torque tracking in exoskeletons and other robotic legged
locomotion systems, and might provide a useful point of contrast to the present work. Future work could also address the effects of hardware changes as an additional dimension in the space sampled here. Measuring performance
for each combination of a set of high-level controllers, low-level controllers and hardware setups would provide the
best insights into interactions between these features. As the dynamical contributions of nonlinear time-varying elements, intermittent contact or forceful human interactions increase, continuous-time integral terms, gain scheduling,
and model-based compensations are expected to become less effective, as observed with the unidirectional Bowdencable-driven ankle-foot exoskeleton used in this study. The present system therefore represents a more challenging
case for torque control, suggesting that the proportional-learning-damping controller identified here would perform
even better in a system with simpler, more consistent dynamics.
The unidirectional Bowden cable used in this study made torque control more challenging, but is not the dominant
factor in the observed patterns of torque error. The onset of applied torque tended to lag that of desired torque,
particularly with feedback controllers and TIME based desired torque. This pattern might suggest that slack in the
Bowden cable was the primary cause of torque error, but this is not the case. All high-level controllers set desired
torque to zero during the beginning of stance, from about 0 to 0.25 s, consistent with typical human ankle torque
patterns. All low-level controllers acted to track desired torque throughout stance, quickly eliminating slack from the
previous swing phase early in the period of zero desired torque. The Bowden cable was therefore not slack upon the
onset of desired torque. This is evident from the pattern of torque with feedback control and ANGLE based desired
torque, which led desired torque beginning at about 0.10 s. Patterns in torque error across controllers are betterexplained by a combination of rapid changes in desired torque, rapid movements of the human, and electromechanical
delays in applying desired changes in motor position. These issues are common to most lower-limb exoskeletons,
prostheses and walking robots, especially systems using series-elastic actuation.

5.4.4

Implications for control of future systems

The insights gained from this study are expected to help guide the design of torque controllers for systems with similar
traits, particularly complex, changing dynamics and cyclic motions, such as lower-limb exoskeletons, active lowerlimb prostheses and walking robots. Based on the present results, there is reason to expect that the combination of
feedback control and feed-forward iterative learning, without continuous-time integration or model-based compensation, will provide strong torque tracking performance in any such system. Other control elements might further
improve performance for some systems and control objectives. For example, if system dynamics are relatively constant and easy to identify, model-based compensation might be useful. If the measured and desired torque both change
slowly, continuous-time integral control may also lead to some improvements. In any case, proportional-learningdamping control is expected to provide good baseline torque tracking.
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Conclusions

We performed a systematic comparison of torque control techniques in a robotic legged locomotion system under
realistic operating conditions, and found that the combination of proportional control, damping injection and iterative
learning resulted in smaller torque errors relative to peak torque than any other approach tested or previously demonstrated. Designing this proportional-learning-damping controller was straightforward, requiring sequential tuning of
only four parameters. Our results generally support such an approach for any torque-controlled lower-limb exoskeleton, prosthesis and walking robot. The complex interactions between device hardware, torque control, assistance
control, task goals and human behavior, in case of exoskeletons and prostheses, remain a rich area for future research.
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Appendix A. Stability and Convergence of the Passivity Based Controller
Passivity
Substituting Eq. (5.19) into Eq. (5.18), we have the closed-loop equation:
K
K
1
ṡ + 1 s + K p eτ + Ks s +Yd (τ, τ̇r , τ̈r , θ̇e )∆Γ = h τh .
Kv
Kv
Kv

(34)

in which ∆Γ = Γ − Γ̃.
Let the output be y = s. Multiplying both side of Eq. (34) by the output and then integrating it, we have
Z t
Kh
0

=

=

KZv

s(ς )τh (ς )dς
t

1
K
s(ς )ṡ(ς ) + 1 s2 (ς ) + K p ėτ (ς )eτ (ς ) + K p λ e2τ (ς ) + Ks s2 (ς )
Kv
0 Kv
+s(ς )Yd (ς )∆Γ(ς )]dς
[

P(t) − P(0)
| {z }

Z t

+

Stored Energy Change

W (ς )dς
| 0 {z }

Dissipated Energy

in which the stored system energy is
P=

1 2 1
1
s + K p e2τ + ∆Γ> L−1 ∆Γ ≥ 0,
2Kv
2
2

(35)

K
W = ( 1 + Ks )s2 + K p λ e2τ ≥ 0.
Kv

(36)

and the energy dissipating rate is

Since both V and W are non-negative, we can conclude the passivity of output y for the system (34).
With no disturbance from human, i.e., τh = 0, we have
Ṗ = −W.
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Convergence
To compensate for non-zero human loading, τh 6= 0, an additional switching term is added to the controller
Va = −K p eτ − Ks s +Yd (τ, τ̇r , τ̈r , θ̇e )Γ̃ − Ksw sign(s)

(37)

where Ksw is the compensation gain. With Eq. (37), the closed loop system equation becomes
1
K
ṡ + 1 s + K p eτ + Ks s +Yd (τ, τ̇r , τ̈r , θ̇e )∆Γ
Kv
Kv

(38)

K
− h τh + Ksw sign(s) = 0.
Kv
The integral of the product of y = s with the above equation is
Z t
1

K
s(ς )ṡ(ς ) + 1 s2 (ς ) + K p ėτ (ς )eτ (ς ) + K p λ e2τ (ς )
K
Kv
0
v
K
2
+Ks s (ς ) + s(ς )Yd (ς )∆Γ(ς ) − s h τh + sKsw sign(s)]dς
Kv
[

P(t) − P(0)
| {z }

=

Z t

+

Stored Energy Change

W (ς )dς
| 0 {z }

Dissipated Energy

Z t

K
+ [−s h τh + sKsw sign(s)]dς
Kv
0
= 0,
i.e.,
K
Ṗ = −W + s h τh − sKsw sign(s).
Kv
Note that

(39)

K
K
s h τh − sKsw sign(s) = s h τh − Ksw |s|
Kv
Kv
K
≤ h |s|k0 − Ksw |s|
Kv

where k0 is a finite non-negative number defined by the boundedness of the human loading:
|τh | ≤ k0 .
By choosing a Ksw such that

K
Ksw ≥ h k0 ,
Kv

we have
K
s h τh − sKsw sign(s) ≤ 0.
Kv
It is already established that
W ≥ 0,
therefore, it is proved that
Ṗ ≤ 0.
Based on the non-negativeness of P and non-positiveness of Ṗ, we have
P(t) ≤ P(0),

(40)
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i.e., P(t) is bounded. Since P is quadratic on s, eτ and ∆Γ, these three terms are bounded.
Eq. (39) means

Z t
Z t
K
P(t) − P(0) = − W (ς )dς +
s(ς ) h τh (ς ) − Ksw |s(ς )| dς .
Kv
0
0

(41)

Combining Eq. (41) with Eq. (40) and (36), we have
P(t) − P(0) ≤ −

Z t

W (ς )dς ≤ 0.

(42)

0

By definition, Eq. (36) and (42) lead to
s, eτ ∈ L2 (0, ∞).

(43)

Based on the definition of s, ėτ is also bounded, and hence so is τ̇ since τ̇des is bounded. The boundedness of ėτ proves
the uniform continuity of eτ .
Now due to the boundedness of τ̇des and τ̈des , τ̇r and τ̈r are also bounded, which then lead to the boundedness of
Yd (τ, τ̇r , τ̈r , θ̇e ). Based on Eq. (38), ṡ is then bounded, which then proves the uniform continuity of s.
Combining the conclusions of uniform continuity, boundedness and Eq. (43), we have [99, 100]:
s → 0, as t → ∞,
eτ → 0, as t → ∞.
By the definition of s and eτ , we then can conclude
τ → τdes , as t → ∞,
τ̇ → τ̇des , as t → ∞.
i.e., both the actual ankle torque and its changing rate converge to the desired values.

Appendix C. PD∗ +∆LRN versus LRN+PD∗
For controller L 9, i.e., PD∗ +∆LRN, as described in Eq. (5.27), the total desired motor displacement at a certain time
stamp t within step n, with a forgetting factor β = 1 and a filtering factor µ = 1, is
∆θ p,des (n)
t

LRN
= ∆θ p,des
(0) − Kl
t

|

n−1

∑ eτ (m)

m=1

{z

Step-wise Integral Control

−K p eτ (n)
| {z }t

t

}

(44)

−Kd θ̇ p (n)
|
{z
}t

Proportional Control Damping Injection

in which the operator
∗(n)
t

denotes the variable ∗ at time t within step n, i.e., the time lapsed from the latest heel strike. The term
LRN
∆θ p,des
(0)

t

denotes the initial value of the desired motor displacement to be learned. Iterative learning of desired motor displacement realizes a step-wise integral control action. Considering Eq. (44), it can be seen that L 9 is analogous to traditional
PID control; damping injection improves system stability in the manner of derivative control, and iterative learning
takes eliminates steady-state errors across steps similar to integral control.
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n−1

∆θ p,des (n)

LRN
= θ p,des
(0) − Kl ∑ eτ (m)
t
t
t
m=1
|
{z
}
Step-wise Integral Control

−K p eτ (n)
| {z }t

−Kd θ̇ p (n)
|
{z
}t

Proportional Control Damping Injection

#
"
Z t
n−1
t
1
t-ς
LRN
dς
−θ p exp(−
)−
exp(−
) θ p,des
(0) − Kl ∑ eτ (m) − K p eτ (n)
T + Kd
T + Kd 0
T +Kd
ς
0
ς
m=1
(43)
For controller L 8, LRN+PD∗ , combining Eqs. (5.26) and (5.12), we have
θ̇ p,des (n)

1
∆θ p,des (n)
T
t
t
"
n−1
1
LRN
=
θ p,des (0) − Kl ∑ eτ (m) − θ p (n)
T
t
t
t
m=1 
−K p eτ (n) − Kd θ̇ p (n)
=

(37)

t

t

when β = 1 and µ = 1.
Assuming perfect motor velocity tracking:
θ̇ p (n) = θ̇ p,des (n)

(38)
t

t

then Eq. (5.26) becomes
"
n−1
1
LRN (0) − K
θ̇ p (n) =
θ p,des
l ∑ eτ (m) − θ p (n)
T
t
t
t
t
m=1 

(39)

−K p eτ (n) − Kd θ̇ p (n)
t

t

which can be written as
1
θ p (n)
T + Kd "
t
n−1
1
LRN (0) − K
+
θ p,des
l ∑ eτ (m)
T + Kd
t
t
m=1

−K p eτ (n)

=−

θ̇ p (n)
t

(40)

t

Assuming the same ankle kinematics for each step and the same motor position at each heel strike:
θ p (n)

= θp ,
0

0

the dynamics described in Eq. (40) can be treated as a linear-time-invariant system starting from the latest heel strike
in the format of
ẋ = Ax + Bu
where x is θ p (n), A is −

1
, and Bu is
T + Kd
"
#
n−1
1
θ LRN (0) − Kl ∑ eτ (m) − K p eτ (n)
T + Kd p,des
t
t
t
m=1

(41)
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Therefore, the solution of LTI system as described in Eq. (40) is

= θ p exp(−

θ p (n)

0

t

t
)
T + Kd


Z t
t −ς
1
LRN
exp(−
) θ p,des
(0)
+
T + Kd 0
T + Kd
t
#

(42)

n−1

−Kl

− K p eτ (n)

∑ eτ (m)

m=1

dς
ς

ς

in which t denotes the time lapsed since the last heel strike and ς ∈ [0, t] is a variable tracing t.
Therefore, the control input of L 8 can be expressed as in Eq. (43) (at the top of the current page). It can be seen
that the LRN+PD∗ controller differs from the PD∗ +∆LRN controller in that it has additional exponential and low-pass
filtered continuous-time integral terms. These arise from the presence of −θ p (n) in the control input.
This difference can also be illustrated in the frequency domain. The convolution term
Z t


t −ς
LRN
exp(−
) θ p,des
(0)
T + Kd
0
# t

(44)

n−1

−Kl

− K p eτ (n)

∑ eτ (m)

m=1

dς
ς

ς

translates to
"

1
s+

1
T + Kd

#

n−1

LRN (0)
θ p,des

− Kl
s

∑ eτ (m)

m=1

− K p eτ (n)
s

s

(45)

in frequency domain. The low-pass filter term
1
s+

1
T + Kd

realizes constant scaling at low frequency and integration at high frequency. Each evaluation of the term to be filtered,
LRN
θ p,des
(0) − Kl
t

n−1

∑ eτ (m)

m=1

− K p eτ (n)
t

t

is generated independently at the sampling frequency. Therefore, the term is expected to have high frequency. A
continuous-time integration effect is therefore included in the control input with the LRN+PD∗ controller.
In our experimental comparison, we found that continuous-time integral action is not desirable due to the linear
accumulation of terms that are not linearly correlated. Therefore, PD∗ +∆LRN is preferred due to its simplicity and
lack of continuous-time integration.

Appendix C. Neuromuscular Reflex Model
The neuromuscular model included a Hill-type muscle-tendon-unit (MTU) (Fig. 14), with total length, lmtu , equal to
the length of the series elastic element, lse , plus that of the contractile element, lce . The length of the parallel elastic
element, l pe , was identical to lce . The total force produced by the MTU, Fmtu , was equal to the force on the series
elastic element, Fse , and also equal to the sum of the contractile element force, Fce , and the parallel elastic element
force, Fpe (which was usually zero). The contractile element force was expressed as:
Fce = fL (lce ) · fV (l˙ce ) · Act · Fmax
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PE
SE
CE
lce

lse
lmtu

Figure 14: The Hill-type muscle-tendon-unit model includes a contractile element (CE), a parallel elastic element (PE) and series elastic element
(SE).

in which fL (lce ) and fV (l˙ce ) are force scaling factors that reflect the force-length and force-velocity properties of
muscle, Act is the muscle activation state, and Fmax is the maximum force that can be produced by the muscle. The
force-length and force-velocity relationships were:
fL (lce ) = exp[−

(lce − lce,opt )2
],
(W · lce,opt )2

and
fV (l˙ce ) =



vmax + Fvmax · l˙ce


,
A
vmax · A + l˙ce

 vmax · A + Fvmax · (A + 1) · (Fvmax − 1)


,

vmax · A + l˙ce · (A + 1) · (Fvmax − 1)

l˙ce < 0
l˙ce ≥ 0.

in which lce,opt is the optimal contractile element length, W is a force-length constant, l˙ce is the contractile element
velocity, A is a force-velocity constant, vmax is the maximum contraction velocity, and Fvmax is the maximum eccentric
(lengthening) muscle scaling factor.
Series and parallel elastic element forces were determined as:
Fse = Fmax ·
and

1
· max(δ lse , 0)2 ,
(umax · lse,sl )2


k

 k1 · δ l pe + Fmax · pe · δ l 2pe , δ l pe > 0,
2
lce,opt
Fpe =

 k ·δl ,
δ l pe ≤ 0.
pe
1

where δ l pe = lce − 1.5 · lce,opt and δ lse = lse − lse,sl , and lse,sl is the slack length of the series elastic element, umax
is an elastic element curve parameter and k1 is the sub-slack elastic element stiffness of the parallel elastic element.
The virtual muscle had activation dynamics as:

Act(t = 0) = PreAct,


Stim
1 − Stim
˙
−
Act = (Stim − Act) ·
ta
td
where Stim is neural stimulation from the positive reflex mechanism of the virtual neural system, ta and td are muscle
activation and deactivation time constants respectively, and the initial activation value A(t = 0) is defined by PreAct.
The parameter values used in this study are listed in Table 6.

35

Table 6: Muscle model parameter values used in NMM
Param
lce,opt
lmtu,0
A
Fv,max
vmax
ta
PreAct

Value
0.055 m
0.284 m
0.25
1.8
0.55 m/s
0.02 s
0.05

Param
lse,sl
Fmax
W
umax
k1
td

Value
0.245 m
1000 N
0.56
0.04
1
0.05 s
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